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Many practical problems of interest in chemical engineering and other fields can be
formulated as bilinear programs (BLPs). For such problems, a local nonlinear pro-
gramming solver often provides a suboptimal solution or even fails to locate a feasible
one. Numerous global optimization algorithms devised for bilinear programs rely on
linear programming (LP) relaxation, which is often weak, and, thus, slows down the
convergence rate of the global optimization algorithm. An interesting recent develop-
ment is the idea of using an ab initio partitioning of the search domain to improve the
relaxation quality, which results in a relaxation problem that is a mixed-integer linear
program (MILP) rather than LP, called as piecewise MILP relaxation. However, much
work is in order to fully exploit the potential of such approach. Several novel formula-
tions are developed for piecewise MILP under- and overestimators for BLPs via three
systematic approaches, and two segmentation schemes. As is demonstrated and eval-
uated the superiority of the novel models is shown, using a variety of examples. In
addition, metrics are defined to measure the effectiveness of piecewise MILP relaxation
within a two-level-relaxation framework, and several theoretical results are presented,
as well as valuable insights into the properties of such relaxations, which may prove
useful in developing global optimization algorithms. � 2008 American Institute of Chemi-

cal Engineers AIChE J, 54: 991–1008, 2008
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Introduction

Many practical problems of interest in chemical engineer-
ing and other fields can be formulated as optimization prob-
lems involving bilinear functions of continuous decision vari-
ables. For instance, the mathematical programming formula-
tions for the pooling problem,1 integrated water systems
synthesis,2 process network synthesis,3 crude oil operations
scheduling,4,5 as well as fuel gas network design and man-
agement in liquefied natural gas (LNG) plants,6,7 all involve

bilinear products of continuous decision variables, such as
stream flows and compositions. The optimization formula-
tions involving such bilinear functions, called bilinear pro-
grams (BLPs), belong to the class of nonconvex nonlinear
programming problems that exhibit multiple local optima.
For such problems, a local nonlinear programming (NLP)
solver often provides a suboptimal solution or even fails to
locate a feasible one. However, the need for obtaining a
guaranteed globally optimal solution is real, essential, and of-
ten critical, in many practical problems mentioned previ-
ously. Understandably, this has led to a flurry of research
activities8,9 in the last two decades on global optimization,
which involves obtaining a theoretically guaranteed globally
optimal solution to a nonconvex mathematical program.
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While several global optimization algorithms10–14 exist
today, the most common ones use the so-called spatial
branch-and-bound framework.15,16 This framework is similar
to the standard branch-and-bound algorithm widely used in
combinatorial optimization.17 The main difference is that the
spatial branch-and-bound branches in continuous rather than
discrete variables. Tight lower and upper bounds, efficient
procedures for obtaining them, and clever strategies for
branching are the main challenges in this scheme. For a min-
imization (maximization) problem, any feasible solution acts
as a valid upper (lower) bound and can be obtained by
means of a local NLP solver (e.g., CONOPT, MINOS,
SNOPT). For lower (upper) bounds, however, the common
approach is to solve a good convex (concave), linear or non-
linear, relaxation of the original problem to global optimality
using a standard LP solver (e.g., CPLEX, OSL, LINDO, XA)
or a local NLP solver. If the gap between the lower and
upper bounds exceeds a prespecified tolerance for any parti-
tion of the search space, that partition is branched further,
until the gap reduces below the tolerance.

The development of this branch-and-bound approach has
been the focus of much research during the last decade.
Branch-and-reduce optimization navigator (BARON), a com-
mercial implementation of this framework, by Sahinidis18

has been a significant development. Ryoo and Sahinidis19

introduced a branch-and-reduce approach with a range-
reduction test based on Lagrangian multipliers. Zamora and
Grossmann20 proposed a branch-and-contract global optimi-
zation algorithm for univariate concave, bilinear, and linear
fractional functions. The emphasis was on reducing the num-
ber of nodes in the branch-and-bound tree through the proper
use of a contraction operator. This involved maximizing and
minimizing each variable within a linear relaxation problem.
Neumaier et al.21 presented test results for the software per-
forming complete search to solve global optimization prob-
lems and concluded that BARON is the fastest and most
robust.

The success of a spatial branch-and-bound scheme depends
critically on the rate at which the gap between the lower and
upper bounds reduces. For faster convergence, this gap must
decrease quickly and monotonically, as the search space
reduces. In other words, devising efficient procedures for
obtaining tight bounds is a key challenge in global optimiza-
tion, as both the quality of bounds, and the time required to
obtain them strongly influence the overall effectiveness and
efficiency of a global optimization algorithm. As stated ear-
lier, relaxation of the original problem is the most widely
used procedure, so the quality of relaxation and the effort
required for its solution are extremely critical.

Much research has focused on constructing a convex relax-
ation for factorable nonconvex NLP problems. This class of
problems exclusively involves factorable functions, which are
the ones that can be expressed as recursive sums and pro-
ducts of univariate functions.22 Several researchers23,24 pro-
posed symbolic reformulation techniques to transform an
arbitrary factorable nonconvex program into an equivalent
standard form in which all nonconvex terms are expressed as
special nonlinear terms, such as bilinear and concave univari-
ate terms. This approach employs the fact that all factorable
algebraic functions involve one or more unary and/or binary
operations. Transcendental functions, such as the exponential

and logarithm of a single variable, are examples of the for-
mer and five basic arithmetic operations of addition, subtrac-
tion, multiplication, division, and exponentiation form the
latter. Therefore, these special nonlinear terms form the
building blocks for factorable nonconvex problems that
abound in a wide range of disciplines including chemical en-
gineering. In addition to those mentioned earlier, many prob-
lems in process systems engineering, such as process design,
operation, and control fall within this scope. Thus, by
addressing bilinear programs in this work, we are essentially
addressing the much wider class of factorable nonconvex
programs.

LP relaxation is the most widely used technique for
obtaining lower bounds for a factorable nonconvex program.
McCormick22 was the first to present convex underestimators
and concave overestimators for the bilinear term on a rectan-
gle. Later, Al-Khayyal and Falk25 theoretically characterized
these under- and overestimators as the convex envelope for a
bilinear term. Foulds et al.26 utilized the bilinear envelope
embedded inside a branch-and-bound framework to solve a
bilinear program for the single-component pooling problem
based on total flow formulation. Tawarmalani et al.27 showed
that tighter LP relaxations can be produced by disaggregating
the products of a single continuous variable and a sum of
several continuous variables. LP relaxation, however, is often
weak, and, thus, other forms of relaxation have also been
proposed.Androulakis et al.28 proposed a convex quadratic
NLP relaxation, named aBB underestimator, which can be
applied to general twice continuously differentiable func-
tions. However, the tightness of such a relaxation for specific
problems involving bilinear terms is inferior compared to its
LP counterpart. Meyer and Floudas29 attempted to improve
the tightness of the classical aBB underestimator via a
smooth piecewise quadratic, perturbation function.

Sherali and Alameddine30 introduced a novel technique,
called reformulation-linearization technique (RLT), to
improve the relaxation of a bilinear program by creating
redundant constraints. Ben-Tal et al.31 proposed an alterna-
tive formulation for a bilinear program for the multicompo-
nent pooling problem, based on individual flow formulation
and employed a Lagrangian relaxation to solve it within a
branch-and-bound framework. Adhya et al.32 proposed
another Lagrangian approach for generating valid relaxations
for the pooling problem that are tighter than LP relaxations.
Tawarmalani and Sahinidis12 showed that the combined total
and individual flow formulation for the bilinear programs of
multicomponent pooling and related problems proposed by
Quesada and Grossmann,3 produces a tighter LP relaxation
compared to either the Lagrangian relaxation or the LP relax-
ation, based on either the total or individual flow formula-
tions alone. While the formulation of Quesada and Gross-
mann3 can be derived using the RLT, no theoretical and/or
systematic framework exists to date for deriving RLT formu-
lations with predictably efficient performance for general
nonconvex programs.

An interesting recent development is the idea of ab initio
partitioning of the search domain, which results in a relaxa-
tion problem that is a mixed-integer linear program (MILP),
rather than LP, called as piecewise MILP relaxation. Some
recent work has shown the promise of such an approach in
accelerating the convergence rate in several important appli-

992 DOI 10.1002/aic Published on behalf of the AIChE April 2008 Vol. 54, No. 4 AIChE Journal



cations, such as process network synthesis,33 integrated water
systems synthesis,34 and generalized pooling problem.35

However, much work is in order to fully exploit the potential
of such an approach. All previous works have reported that
the lower bounding problem in global minimization, based
on piecewise MILP relaxation is the most time-consuming
step. Moreover, it is solved repeatedly inside a global optimi-
zation framework (e.g., spatial branch-and-bound, outer
approximation, or RLT), and, thus, many issues, such as the
quality and efficiency of piecewise MILP relaxation demand
further attention. In this work, we develop, analyze, compare,
and improve several novel and existing formulations for
piecewise MILP under- and overestimators for BLPs that
may arise solely or within some mixed-integer bilinear pro-
gramming (MIBLP) problems. We demonstrate the superior-
ity of our under- and overestimators, as well as correspond-
ing formulations using a variety of examples.

Problem Statement

Our ultimate goal is to solve the following global optimi-
zation problem by employing piecewise MILP relaxation

P¼ Min

xL � x� xU
f ðxÞ subject to gðxÞ � 0 and hðxÞ ¼ 0

( )

where X [ Rn is a vector of continuous variables with bound
vectors xL and xU, f(x) is an Rn ? R scalar objective func-
tion, and g(x) and h(x) are vectors of Rn ? R scalar func-
tions representing the inequality and equality constraints. All
functions are twice continuously differentiable and involve
linear and bilinear terms xy only.

To achieve the aforementioned goal, we focus on develop-
ing several novel piecewise MILP under- and overestimators
for the following nonconvex feasible region (S)

S¼fðx;y;zÞ j z¼ xy;x2<;y2<;xL � x � xU;yL � y � yUg

Relaxation

Relaxation involves outer-approximating the feasible
region of a given problem and underestimating (overesti-
mating) the objective function of a minimization (maximiza-
tion) problem. A relaxation does not fully replace the origi-
nal problem, but provides guaranteed bounds on its solutions.
In a minimization (maximization) problem, the optimal solu-
tion of the relaxation problem provides a lower (upper)
bound on the optimal objective function value of the original
problem. Typically, a relaxation is achieved by bounding the
complicating variables, terms, or functions in the original
problem by means of under-, over-, and/or outer-estimating
variables, terms, or functions.Several forms of relaxation
exist in the literature. One form is the discrete-to-continuous
relaxation employed for solving discrete optimization prob-
lems, where discrete variables are treated as continuous vari-
ables. For instance, binary variables in a MILP are relaxed to
be 0-1 continuous.17 Another form is the continuous noncon-
vex-to-convex relaxation employed for solving nonconvex

NLP. For example, the bilinear envelope suggested by
McCormick22 and Al-Khayyal and Falk25 is widely used to
relax bilinear terms in nonconvex programs. This relaxation
involves replacing every occurrence of the bilinear term xy
in the original program by an additional variable z, and add-
ing the following linear (convex) underestimators (Eqs. R1
and R2), and linear (concave) overestimators (Eqs. R3 and
R4)

z � xyL þ xLy� xLyL (R1)

z � xyU þ xUy� xUyU (R2)

z � xyL þ xUy� xUyL (R3)

z � xyU þ xLy� xLyU (R4)

Since the resulting relaxation is linear and continuous, it is
called as LP relaxation (Figure 1).

The quality of a relaxation is the accuracy with which a
relaxation approximates the original problem and/or its solu-
tion. The closer the approximation, the tighter is the relaxa-
tion. An important consideration in relaxation is the size of
the relaxation problem. This can be measured in terms of the
numbers of variables, constraints, and nonzeros involved in
the formulation. Typically, a larger problem size is needed to
achieve a tighter relaxation. While solving MILPs in a
branch-and-bound framework, a tighter formulation is likely
to require fewer nodes, while a smaller formulation is likely
to require fewer iterations for each node. Therefore, the
actual computational performance of a formulation is difficult
to determine a priori because of the trade-off between tight-
ness and size.

All the relaxations discussed previously are ‘‘continuous’’
in nature. A continuous convex relaxation can often be very
weak or loose, and may be very slow in lifting the lower
bounds in a global minimization algorithm. A technique36

has been proposed for problems containing signomial terms
utilizing some transformation methods, which convert a non-
separable signomial function into separable forms that are
then under- and overestimated with piecewise MILP approxi-
mations. However, several examples showed that such a
method does not yield better relaxation tightness than those
based on continuous convex envelope (e.g., LP relaxation
described previously for bilinear terms), and, hence, the use
of convex envelope within a piecewise approximator is desir-
able whenever applicable. As a remedy, several recent

Figure 1. LP relaxation (one-level-relaxation).
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works33–35 have explored the idea of piecewise MILP relaxa-
tion, based on the convex envelope for bilinear term, embed-
ded inside a global optimization framework (e.g., outer
approximation, spatial branch-and-bound, RLT), on several
specific problems with promising results. The latter approach
is different from the previous one, since it does not require
the transformation of the original nonconvex terms into sepa-
rable forms. In addition, the latter approach provides superior
relaxation tightness over the continuous convex envelope as
discussed later. Thus, we concentrate our work on piecewise
MILP relaxation, based on the convex envelope.

The idea involves defining a priori several known parti-
tions of the search space, and combining the continuous non-
convex-to-convex relaxations, based on the convex envelope
of individual partitions into an overall composite relaxation.
Because this involves convex relaxations of nonconvex func-
tions over smaller regions (partitions) of the feasible region,
the tightness of the overall discrete relaxation is improved as
compared to the continuous relaxation over the entire feasi-
ble region. Each partition has its own distinct continuous
nonconvex-to-convex relaxation, and only one partition is
allowed to be active at any time. Combining these individual
relaxations in a seamless manner requires switching between
different partitions, and, thus, discrete decisions. Clearly,
such a relaxation is discrete rather than continuous in nature,
and, thus, can be formulated as a MILP problem. Because
solving the resulting MILP problem generally requires some
sort of discrete-to-continuous relaxation, the overall frame-
work of piecewise MILP relaxation comprises relaxations at
two levels as shown in Figure 2 (compared with LP relaxa-
tion, which only has one level as shown in Figure 1). The
first one, or the first (upper) level relaxation, transforms the
original problem with partitioned search domain into a
MILP. The second one, or the second (lower) level relaxa-
tion, transforms the MILP into a LP (i.e., RMILP). A com-
plex interplay of both relaxations determines the overall effi-
ciency of the entire framework.

Previous Formulations

The first step, as presented in the literature, in obtaining a
piecewise MILP relaxation for a bilinear term is to define N

partitions (Figure 3) of the search space in terms of N arbi-
trary, but exhaustive segments of the range [xL, xU]. Let
{[a(n), a(n11)], n 5 1, 2, . . ., N} denote these segments,
where a(1) 5 xL, a(N11) 5 xU, and d(n) 5 a(n11) 2 a(n)
[ 0 for all n. Thus, the N search space partitions in the 2-D
xy space are {[a(n), a(n11)], [yL, yU]} for n 5 1, 2, . . ., N.
Clearly, each point in S must have its value of x in one of
these N segments (either within the interior of a segment or
at the boundary of two adjacent segments called as grid
points). Then, using the convex envelope (Eqs. R1 – R4) for
each partition, an overall piecewise relaxation of S can
be stated as the following special form33 of a disjunctive
program37

n

W
WðnÞ
z � x � yL þ aðnÞ � y� aðnÞ � yL
z � x � yU þ aðnþ 1Þ � y� aðnþ 1Þ � yU
z � x � yL þ aðnþ 1Þ � y� aðnþ 1Þ � yL
z � x � yU þ aðnÞ � y� aðnÞ � yU
aðnÞ � x � aðnþ 1Þ
yL � y � yU

2
6666666666664

3
7777777777775

(DP)

where W(n) is the boolean variable (‘‘true’’ or ‘‘false’’) indi-
cating the status of disjunction n. The disjunctive logic OR
implies that only one disjunction must hold (W(n) 5 ‘‘true’’
for exactly one n).

One advantage of disjunctive programming is that it ena-
bles a systematic transformation of abstract disjunctive logic
into a concrete mathematical programming model. Raman
and Grossmann38 showed its usefulness in modeling chemi-
cal engineering problems. While several systematic methods
exist for transforming a disjunctive program into a mixed-
integer program, the two most common are big-M reformula-
tion39 and convex-hull reformulation.37,40,41 The pros and
cons of these two reformulations are well known.42,43 A big-
M reformulation is generally smaller in size than a convex-
hull reformulation, as it does not need additional disaggre-
gated variables and constraints. However, its relaxation is
typically poorer, as a convex-hull reformulation has proven
tightness. In contrast, a convex-hull reformulation invariably
needs additional disaggregated variables and constraints and

Figure 2. Hierarchy of the piecewise MILP relaxation
(two-level-relaxation).

Figure 3. Ab initio partitioning of the search domain.
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is typically larger, but is at least as tight as big-M reformula-
tion. Note that the concept of a convex hull can be viewed
from geometrical perspective. A convex hull of a set of
points A is the smallest convex set containing A. In the sense
of convex relaxation, a convex hull implies the tightest con-
vex outer-approximation of the original problem. However,
the performances of the two reformulations vary with prob-
lems, and it is not easy to judge a priori which will perform
better for a given problem. A rigorous numerical comparison
on several models, is, therefore, required to gain the insight
into the actual computational performance of competitive
models. For our subsequent discussion, a model/formulation
is denoted with bold characters and an equation or a set of
equations is denoted with plain characters preceeded by
‘‘Eq.’’.

For the bilinear terms arising in a generalized pooling
problem, Meyer and Floudas35 used a big-M reformulation
for their piecewise MILP relaxation. Although their formula-
tion was in the context of a specific problem, its main ideas
can yield a complete big-M reformulation for DP. Such a
complete formulation BM for an arbitrary S can be stated as
follows. M is a sufficiently large number required for big-M
reformulation

kðnÞ ¼ 1 if aðnÞ � x � aðnþ 1Þ
0 otherwise

(
8n (BM-0)

XN
n¼1

kðnÞ ¼ 1 (BM-1)

x � aðnÞ � kðnÞ þ xL � �1� kðnÞ� 8n (BM-2a)

x � aðnþ 1Þ � kðnÞ þ xU � �1� kðnÞ� 8n (BM-2b)

z � x � yL þ aðnÞ � ðy� yLÞ �M � �1� kðnÞ� 8n (BM-3a)

z � x � yU þ aðnþ 1Þ � ðy� yUÞ �M � �1� kðnÞ� 8n
(BM-3b)

z � x � yU þ aðnÞ � ðy� yUÞ þM � �1� kðnÞ� 8n (BM-3c)

z � x � yL þ aðnþ 1Þ � ðy� yLÞ þM � �1� kðnÞ� 8n
(BM-3d)

xL � x � xU; yL � y � yU (BM-4)

Note that Meyer and Floudas35 did not explicitly present the
equivalents of Eqs. BM-3b to BM-3d for their specific gener-
alized pooling problem.

For the bilinear terms arising in general and specific (inte-
grated water network) process synthesis problems, Bergamini
et al.33 and Karuppiah and Grossmann34 proposed a convex-
hull reformulation. Their formulation is meant for arbitrary
segment lengths (any possible arrangements of d(n)); hence,
it is suitable for both identical (the space between the bounds
of the partitioned variables is divided into equal intervals,

i.e., d(1) 5 . . . 5 d(N)), and nonidentical segment lengths
(i.e., the space between the bounds of the partitioned variable
is divided into different intervals i.e., d(1) = . . . = d(N)).
However, Karuppiah and Grossmann34 mentioned some
issues with the use of nonidentical segment lengths, and used
identical segment length exclusively in their reported exam-
ples. Although their formulation was intended for specific
process synthesis problems, its main steps can be suitably
modified for S in general. Then, for arbitrary segment
lengths, a convex-hull formulation CH for S based on their
main ideas can be stated as follows

kðnÞ ¼ 1 if aðnÞ � x � aðnþ 1Þ
0 otherwise

(
(CH-0)

XN
n¼1

kðnÞ ¼ 1 (CH-1)

x ¼
XN
n¼1

uðnÞ (CH-2a)

aðnÞ � kðnÞ � uðnÞ � aðnþ 1Þ � kðnÞ 8n (CH-2b)

y ¼
XN
n¼1

vðnÞ (CH-3a)

yL � kðnÞ � vðnÞ � yU � kðnÞ 8n (CH-3b)

z �
XN
n¼1

h
uðnÞ � yL þ aðnÞ � vðnÞ � aðnÞ � yL � kðnÞ

i
(CH-4a)

z �
XN
n¼1

h
uðnÞ � yU þ aðnþ 1Þ � vðnÞ � aðnþ 1Þ � yU � kðnÞ

i
(CH-4b)

z �
XN
n¼1

h
uðnÞ � yL þ aðnþ 1Þ � vðnÞ � aðnþ 1Þ � yL � kðnÞ

i
(CH-4c)

z �
XN
n¼1

h
uðnÞ � yU þ aðnÞ � vðnÞ � aðnÞ � yU � kðnÞ

i
(CH-4d)

xL � x � xU; yL � y � yU (CH-5)

The previous two formulations (BM and CH) for S will
serve as the bases for evaluating several novel and superior
formulations that we develop next. In contrast to the litera-
ture, we use a rather intuitive and algebraic approach for our
novel formulations. The first step toward our several formu-
lations is to model the partitioning of x, and later, to derive
the piecewise bilinear under- and overestimators (Figure 4).

Modeling x-Partitions

Let d(n) 5 a(n11) 2 a(n) for n 5 1 to N21. It is clear
that every value of x must fall in one of the N partitions.
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There exist several ways44–46 of modeling this requirement.
One of them is to use the binary variable [k(n)] as done by
Eqs. CH-0 and CH-1, or Eqs. BM-0 and BM-1. Using the
same variable, we can express x in two different ways. One
is to define a differential variable [Dx(n)] for each segment,
called as local differential variable, as follows

x ¼
XN
n¼1

h
aðnÞ � kðnÞ þ DxðnÞ

i
(1a)

0 � DxðnÞ � dðnÞ � kðnÞ 8n (1b)

The other is to aggregate the differential variables [Dx(n)]
into a single differential variable [Dx 5 Dx(1) 1 Dx(2) 1 . . .
1 Dx(N)], called as global differential variable, as follows

x ¼
XN
n¼1

h
aðnÞ � kðnÞ

i
þ Dx (2a)

0 � Dx �
XN
n¼1

h
dðnÞ � kðnÞ

i
(2b)

As far as their eventual performances in a global optimiza-
tion algorithm are concerned, the differences in the afore-
mentioned two approaches are significant. Eq. 1 requires
more variables and constraints than Eq. 2, thus, models based
on the former would be larger. On the other hand, since Eq.
2 can be easily derived from Eq. 1, thus, the latter cannot be
tighter than the former. However, these two represent the
same relaxation constructed in different variable spaces. The
projections of both Eqs. 1 and 2 on the space of original var-
iables are equivalent as can be shown easily via Fourier-
Motzkin Elimination39 of differential variables. It is indeed
critical to give utmost attention to and exploit the special
structure of the piecewise under- and overestimators to de-
velop a competitive formulation/s, because as mentioned ear-
lier, the piecewise MILP relaxations will be solved repeat-
edly in a global optimization algorithm, and they typically
consume most of the time in each iteration. Even slight
improvements will affect the overall efficiency of the global

optimization algorithm, as any inefficiency in each step will
propagate and eventually add up over iterations.

At this stage, it is useful to contrast our aforementioned
modeling approaches (Eqs. 1 and 2) with those (Eqs. BM-2
and CH-2) from the literature. In contrast to Eq. CH-2, Eqs.
1 and 2, use differential variables [Dx(n) and Dx)]. While
both Eqs. 1 and CH-2 disaggregate variables, Eq. 1 disaggre-
gates the differential variable Dx, rather than x itself as done
by Eq. CH-2. This way, Eq. 1 uses N11 constraints, and Eq.
2 uses only 3 constraints as compared to 2N11 for Eq. CH-
2, and 2N for Eq. BM-2. Furthermore, Eq. 1 uses N11 [x
and Dx(n)], and Eq. 2 uses two variables (x and Dx) as com-
pared to N11 (x and u(n)) for Eq. CH-2, and one (x) for Eq.
BM-2. Bilinear under- and overestimators constructed from
Eqs. 1 and 2 tend to have fewer nonzeros as compared to
those constructed from Eqs. CH-2 and BM-2. This is because
the lower bound for each differential variable is zero. These
are differences in model sizes, which as we see later, do
affect the quality of relaxation and overall performance
significantly.

Interestingly, the following binary variable is an equivalent
alternative to k(n) for modeling the partitioning of x

hðnÞ ¼ 1 if x � aðnþ 1Þ
0 otherwise

(
1 � n � ðN� 1Þ (NF-0)

hðnÞ � hðnþ 1Þ 1 � n � ðN � 2Þ (NF-1)

The aforementioned variable has been used in several
works44–47 for approximating separable nonlinear functions.
In particular, Padberg45 showed that a piecewise MILP for-
mulation, based on h(n) for separable nonlinear functions has
the property of total unimodularity, which means that the
corresponding polytope has more of integral extreme points.
This improves the quality of such a formulation rendering it
locally ideal.45 Using h(n), we can express x in two ways.
The first is in terms of an incremental variable [Du(n)] in
each partition called as local incremental variable

x ¼ xL þ
XN
n¼1

h
dðnÞ � DuðnÞ

i
0 � DuðnÞ � 1 (3a)

0 � DuðNÞ � hðN � 1Þ � DuðN � 1Þ � hðN � 2Þ
� . . . � Duð2Þ � hð1Þ � Duð1Þ � 1 (3b)

Note that Eq. 3b make Eq. NF-1 redundant.
The second is in terms of one incremental variable [Dx]

that is common to all partitions called as global incremental
variable

x ¼ xL þ
XN�1

n¼1

h
dðnÞ � hðnÞ

i
þ Dx (4a)

0 � Dx � dð1Þ þ
XN�1

n¼1

�fdðnþ 1Þ � dðnÞg � hðnÞ� (4b)

Similar to Eqs. 1 and 2, Eq. 3 requires more variables and
constraints than Eq. 4, thus, models based on the former
would be larger. On the other hand, since Eq. 4 can be easily

Figure 4. Alternatives in constructing piecewise
MILP under- and overestimators for bilinear
programs.
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derived from Eq. 3, the latter cannot be tighter than the for-
mer. However, both represent the same relaxation con-
structed in different variable spaces as can be trivially shown
via Fourier-Motzkin elimination of incremental variables.

Note that k(n), h(n), Dx(n), and Du(n) are related by

kð1Þ ¼ 1� hð1Þ
kðnþ 1Þ ¼ hðnÞ � hðnþ 1Þ n ¼ 1 to N � 2

kðNÞ ¼ hðN � 1Þ

DxðnÞ ¼ dðnÞ � DuðnÞ þ
Xn
n0¼1

½kðn0Þ� � 1

8>>>:
9>>>;

Note that we need N21 h(n) variables for modeling the seg-
ments in each x-domain as compared to N k(n) (Figure 5). Fur-
thermore, unlike k(n), h(n) does not require the typical disjunc-
tive constraint (Eq. CH-0 or BM-0), as none, one, or several
h(n) can be one simultaneously. In this approach, the incre-
mental variable in a given partition builds up on the variables
in the preceding partitions to represent x as in Eqs. 3 and 4.

Our approaches for modeling x differ from the existing lit-
erature in one significant manner. Instead of invoking the DP
reformulation strategies behind CH and BM, Eqs. 1–4
employ rather intuitive and algebraic strategies of expressing
x explicitly in terms of the basic binary variables of piece-
wise mixed-integer linear relaxation, as well as new differen-
tial and incremental variables. Using these and some other
unique modeling ideas, we now develop several novel MILP
formulations for the piecewise relaxation of S. We allow ar-
bitrary partitions (arbitrary or nonidentical segment lengths)
first, and then we assume identical segment length.

Big-M Formulations

In the first class of our formulations, we take Eq. 1 and
reformulate the continuous convex relaxation of S using the

big-M constraints presented for BM. This gives us NF1,
which comprises Eqs. BM-0, BM-1, 1, BM-3, and BM-4.

A straightforward alternative formulation NF2 can be
obtained by replacing Eq. 1 in NF1 by Eq. 2. However, note
that Dx can be eliminated from Eq. 2 to obtain

x �
XN
n¼1

�
aðnÞ � kðnÞ� (5a)

x �
XN
n¼1

�
aðnþ 1Þ � kðnÞ� (5b)

Then, using Eq. 5 in place of Eq. 2, we get NF2. NF2 com-
prises Eqs. BM-0, BM-1, 5, BM-3, and BM-4.

The differences (discussed earlier) in Eqs. 1, 5, and BM-2
make NF1 and NF2 significantly different from BM. NF1

and NF2 use fewer constraints (see Table 1) than BM. While
NF2 and BM use the same variables, NF1 uses N more vari-
ables. Thus, NF1 and NF2 are smaller in size. Furthermore,
and more importantly, we show later that both NF1 and NF2

are as tight as or tighter than BM for the same value of M.
As stated earlier, NF2 uses far fewer variables and con-
straints, and is smaller than NF1. Since smaller size is often
an advantage in big-M formulations, NF2 may actually out-
perform NF1.

Convex Combination Formulations

While NF1, NF2, and BM used the BM reformulation
approach for piecewise relaxation, and CH used the CH
reformulation approach; we now build on our algebraic
approach to develop several novel formulations. Our second
class of formulations is constructed using the convex combi-
nation approach (CC), which is based on the use of k (Eq.
CH-0) as binary variables, and is free of big-M constraints.
In this sense, CH is also a convex combination formulation.

For our convex combination formulation, we use the dif-
ferential variables Dx and Dx(n) as defined in Eqs. 1 and 2
combined with the following

y ¼ yL þ
XN
n¼1

DyðnÞ (6a)

Figure 5. Comparison between convex combination (k)
formulation and incremental cost (h) formula-
tion in modeling segments in x-domain

Table 1. Characteristics and GMRRs of Various Model/Performance Criteria of Various Models

Type of segments Arbitrary Identical

Model type BM CC IC BM CC IC

Feature or criterion BM NF1 NF2 TCH CH NF3 NF4 NF5 NF6 NF7 NF8 NF9 NF10 NF11 NF12

GMRRs of models for various model / performance criteria
CPU time (s) 15.88 10.39 9.30 4.34 2.35 2.93 1.33 2.21 1.73 1.23 8.45 8.09 1.54 1.21 1.21
nonzeros 2.11 2.14 1.96 2.65 2.15 2.11 1.41 1.97 1.53 1.62 1.95 1.86 1.91 1.00 1.27
constraints 2.49 2.20 1.88 3.56 2.20 2.38 1.05 2.49 2.18 1.65 1.83 1.83 2.00 1.00 1.60
binary variables 1.25 1.25 1.25 1.25 1.25 1.25 1.25 1.00 1.00 1.00 1.25 1.25 1.25 1.25 1.00
continuous variables 1.00 3.22 1.00 7.81 5.53 7.81 4.14 7.28 5.53 3.70 3.22 1.32 7.81 4.14 3.70
nodes 37.21 16.25 21.26 3.11 2.40 2.77 2.25 1.66 1.67 1.23 6.91 22.73 1.65 1.83 1.49
MILP objective 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
RMILP objective 0.89 0.90 0.90 1.00 1.00 1.00 1.00 1.00 1.00 1.00 0.90 0.90 1.00 1.00 1.00

Note: BM 5 Big-M; CC 5 Convex Combination; IC 5 Incremental Cost.
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0 � DyðnÞ � ðyU � yLÞ � kðnÞ 8n (6b)

Substituting Eqs. 1a and 6a, as well as Eqs. 2a and 6a into
z 5 xy, we obtain Eqs. 7a and 7b, respectively

z¼ yL �xþ
XN
n¼1

XN
n0¼1

�
aðnÞ �kðnÞ �Dyðn0Þ�þXN

n¼1

XN
n0¼1

DxðnÞ �Dyðn0Þ

(7a)

z ¼ yL � xþ
XN
n¼1

XN
n0¼1

�
aðnÞ � kðnÞ � Dyðn0Þ�þ Dx �

XN
n0¼1

Dyðn0Þ

(7b)

The second term in the aforementioned equations involves
products of binary and continuous variables k(n) � Dy(n0), as
well as two products of continuous variables Dx(n) � Dy(n0)
and Dx � Dy(n0). Eqs. 6a and 7b can be simplified as the
following

z ¼ yL � xþ
XN
n¼1

�
aðnÞ � DyðnÞ�þXN

n¼1

�
DxðnÞ � DyðnÞ� (8a)

z ¼ yL � xþ
XN
n¼1

�
aðnÞ � DyðnÞ�þ Dx �

XN
n¼1

DyðnÞ (8b)

This simplification can be explained through the following

two propositions. The first states that
PN

n¼1

PN
n0¼1

aðnÞ � kðnÞ � Dyðn0Þ½ � ¼ PN
n¼1 aðnÞ � DyðnÞ½ � in the presence of

Eqs. 6b, CH-0, and CH-1. It is proven as follows: Due to Eq.
6b, if k(n) 5 0, then Dy(n) 5 0. Due to Eqs. CH-0 and CH-
1, only one k(n) can have the value of unity, while the others
k(n0) (n0 = n) have the value of zero. Based on the two pre-
vious points, k(n) � Dy(n0) 5 0 if n0 = n andPN

n¼1

PN
n0 6¼n kðnÞ � Dyðn0Þ ¼ 0. Thus,

PN
n¼1

PN
n0¼1 aðnÞ � kðnÞ�½

Dyðn0Þ� ¼ PN
n¼1 aðnÞ � kðnÞ � DyðnÞ½ �. Note that k(n) � Dy(n) 5

Dy(n) due to Eqs. 6b and CH-0. Thus,
PN

n¼1

PN
n0¼1

aðnÞ � kðnÞ � Dyðn0Þ½ � ¼ PN
n¼1 aðnÞ � DyðnÞ½ � is valid in con-

junction with Eqs. 6b, CH-0, and CH-1.
The second proposition states that

PN
n¼1

PN
n0¼1

DxðnÞ � Dyðn0Þ½ � ¼ PN
n¼1 DxðnÞ � DyðnÞ½ � in the presence of

Eqs. 1b, 6b, CH-0, and CH-1. It is proven as follows. Due to
Eqs. 1b and 6b, if k(n) 5 0, then Dx(n) 5 0 and Dy(n) 5 0.
Due to Eqs. CH-0 and CH-1, only one k(n) can have the
value of unity, while the others k(n0) (n0 = n) have the value
of zero. Based on the two previous points Dx(n) � Dy(n)0) 5
0 if n0 = n and

PN
n¼1

PN
n0 6¼n DxðnÞ � Dyðn0Þ ¼ 0. Thus,PN

n¼1

PN
n0¼1 DxðnÞ � Dyðn0Þ½ � ¼ PN

n¼1 DxðnÞ � DyðnÞ½ � is valid

in conjunction with Eqs. 1b, 6b, CH-0, and CH-1.
Note that although it is possible to combine y 5 yL 1 Dy

and 0 � Dy � (yU 2 yL) with Eqs. 1 and 2, this combination
leads to a result similar to Eq. 8 albeit with additional varia-
bles and constraints to handle the binary and continuous
products. Thus, the resulting formulation is in fact much
larger, and, thus, not attractive. Note that we have shown
that such a feature can be achieved in Eq. 8 without any
additional variables and constraints, thus, reducing the size
of the formulation.

Thus, we have successfully converted the original BLP
represented by S into a MIBLP represented by Eqs. CH-0,
CH-1, CH-5, 1 or Eqs. 2, 6, and 8. However, more impor-
tantly, we have expressed S in terms of one or more bilinear
products of differential variables instead of one bilinear prod-
uct (x � y) of original variables. Now, to convert this MIBLP
into a MILP, we relax the bilinear terms in Eq. 8 using Eqs.
R1 to R4. However, we have several options in this regard in
terms of the variables that are used in expressing the various
bilinear terms. We can relax either Dx(n) � Dy(n) (Eq. 8a) or
Dx � Dy(n) (Eq. 8b). Note that Dx(n) � Dy is symmetric with
Dx � Dy(n), and, thus, considered as one option rather than
two, while Dx � Dy leads to a larger model, which is not
attractive as explained previously. Therefore, while we must
use Dy(n), we can use either Dx(n) or Dx as variables. Thus,
we have two possible options as follows:

1. Use Dx(n) as the variable and relax Dz(n) 5 Dx(n) �
Dy(n).

2. Use Dx as the variable and relax Dz ¼ Dx �PN
n¼1 DyðnÞ.

Note that Dz(n) � 0, which can be implemented easily
within a standard commercial MILP solver. Now, to use Eqs.
R1 to R4 for the aforementioned options, we need the
bounds of Dx(n), Dx, and Dy(n). Because the lower bounds
for all are zero, Eq. R1 becomes redundant, and Eqs. R2 to
R4 simplify as follows

z � yUxþ xUy� xUyU (9a)

z � xUy (9b)

z � yUx (9c)

This is also one significant difference between our approach
and those in the literature. By transforming the lower bounds
of all variables involved in the construction of the under-
and overestimators for the bilinear term to zero, we reduce
the size of the piecewise MILP relaxation problem in terms
of both constraints and nonzeros.

From Eqs. 1b, 1c, 2b, and 6b, we identify the upper
bounds of Dx(n), Dy(n), and Dx as Da(n)�k(n), (yU2yL)�k(n),
and

PN
n¼1 DaðnÞ � kðnÞ½ �, respectively. Using them, we now

relax. Substituting Dz(n) for z, Dx(n) for x, Dy(n) for y,
Da(n)�k(n) for xU, and (yU2yL)�k(n) for yU in Eq. 9, and sim-
plifying, we obtain our next formulation NF3. NF3 com-
prises Eqs. CH-0, CH-1, CH-5, 1, 6, NF3-1, and NF3-2

z ¼ yL � xþ
XN
n¼1

�
aðnÞ � DyðnÞ�þXN

n¼1

DzðnÞ (NF3-1)

DzðnÞ � ðyU � yLÞ � DxðnÞ 8n (NF3-2a)

DzðnÞ � dðnÞ � DyðnÞ 8n (NF3-2b)

DzðnÞ � ðyU � yLÞ � �DxðnÞ � dðnÞ � kðnÞ�þ dðnÞ � DyðnÞ 8n
(NF3-2c)

NF3 is a novel formulation. In contrast to CH, NF3 relaxes
the bilinear product [Dx(n)�Dy(n)] of differential and disag-
gregated variables rather than (x�y) itself as in CH.
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As discussed previously, the relaxations of Dz(n) 5 Dx(n) �
Dy and Dz(n) 5 Dx � Dy(n) are identical (due to swapping
the grid points positioning from x to y domain), therefore,
both lead to NF3, making these two options basically identi-
cal. For the second option, that is, the relaxation of
Dz ¼ Dx �PN

n¼1 DyðnÞ using Dx(n) as the variable, we get
Eqs. CH-0, CH-1, CH-5, 1, 6, NF4-1, and NF4-2 as an alter-
nate formulation of NF4

z ¼ yL � xþ
XN
n¼1

�
aðnÞ � DyðnÞ�þ Dz (NF4-1)

Dz � ðyU � yLÞ �
XN
n¼1

DxðnÞ (NF4-2a)

Dz �
XN
n¼1

dðnÞ � DyðnÞ (NF4-2b)

Dz � ðyU � yLÞ � x�
XN�1

n¼1

�
aðnþ1Þ �kðnÞ�

" #
þ
XN
n¼1

½dðnÞ �DyðnÞ�

(NF4-2c)

However, note that using Dx as a variable instead of
Dx(n) can simplify the aforementioned considerably
½Dx¼PN

n¼1DxðnÞ�. This option gives us formulation NF4,
which comprises Eqs. CH-0, CH-1, CH-5, 2, 6, NF4-1, NF4-
2b, NF4-2c, and NF4-3

Dz � ðyU � yLÞ �Dx (NF4-3)

Note that applying the theorem of Balas40 to (DP), another
formulation called as TCH, which cannot be looser than
CH, can be constructed. TCH comprises of Eqs. CH-0–CH-
3, and Eqs. TCH-1–TCH-2. Later, we discuss the connection
between CH and TCH. Obviously, TCH belongs to the class
of convex combination formulations

z¼
XN
n¼1

wðnÞ (TCH-1)

wðnÞ � uðnÞ � yL þ aðnÞ � ½vðnÞ � yL � kðnÞ� 8n (TCH-2a)

wðnÞ � uðnÞ � yU þ aðnþ 1Þ � ½vðnÞ � yU � kðnÞ� 8n
(TCH-2b)

wðnÞ � uðnÞ � yL þ aðnþ 1Þ � ½vðnÞ � yL � kðnÞ� 8n
(TCH-2c)

wðnÞ � uðnÞ � yU þ aðnÞ � ½vðnÞ � yU � kðnÞ� 8n (TCH-2d)

In the Appendix, we show that all formulations that belong
to the class of convex combination have equivalent discrete-
to-continuous tightness. We also show that their 2nd level

relaxations have a direct relationship with the bilinear enve-
lope. However, in terms of model size, NF4 is clearly more
attractive than NF3, CH, and TCH.

Incremental Cost Formulations

Our third class of formulations employs the use of h (Eq.
NF-0) as binary variables, and is called as incremental cost
approach (IC), due to its incremental nature as described pre-
viously.

First, we use the local incremental variable in Eq. 3a

x ¼ xL þ
XN
n¼1

½dðnÞ � DuðnÞ� 0 � DuðnÞ � 1 (3a)

Multiplying by y and defining Dw(n) 5 Du(n) � Dy give us

z ¼ xL � yþ yL � ðx� xLÞ þ
XN
n¼1

dðnÞ � DwðnÞ (NF5-1)

From Eq. 3b, we identify the bounds of [h(1), 1] for Du(1),
[h(n), h(n21)] for Du(n) from n 5 2 to n 5 N21, and [0,
h(N21)] for Du(N). Using these and the bounds of [0,
yU2yL] for Dy in Eqs. R1–R4, and defining Dv(n) 5 h(n) �
Dy for n\ N, we obtain

DwðnÞ � DvðnÞ 8n\N (NF5-2a)

Dwð1Þ � ðyU � yLÞ � Duð1Þ þ y� yU (NF5-2b)

DwðnÞ � ðyU � yLÞ � ½DuðnÞ � hðn� 1Þ� þDvðn� 1Þ 8n> 1

(NF5-2c)

Dwð1Þ � y� yL (NF5-2d)

DwðnÞ � Dvðn� 1Þ 8n > 1 (NF5-2e)

DwðNÞ � ðyU � yLÞ � DuðNÞ (NF5-2f)

DwðnÞ � ðyU � yLÞ � ½DuðnÞ � hðnÞ� þ DvðnÞ 8n\N

(NF5-2g)

To linearize the bilinear product Dv(n) 5 h(n) � Dy for n \
N, we use the bounds of [Du(n11), Du(n)] for h(n) from Eq.
3b, and [0, yU2yL] for Dy in Eqs. R1 – R4 to obtain Eqs.
NF5-2a, NF5-2c, NF5-2e, and NF5-2g. Thus, no additional
constraints are required for linearizing the bilinear product
Dv(n). Now, multiplying Eq. 3b by Dy gives us

0 � DwðNÞ � DvðN � 1Þ � DwðN � 1Þ � DvðN � 2Þ
� . . . � Dwð2Þ � Dvð1Þ � Dwð1Þ � y� yL ð3cÞ

Interestingly, Eq. 3c are identical to Eqs. NF5-2a, NF5-2d,
and NF5-2e. Thus, our new formulation NF5 comprises Eqs.
NF-0, CH-5, 3a, 3b, NF5-1, and NF5-2.

Note that the need for Dv(n) 5 h(n) � Dy for n \ N in
NF5 arose, because we used the tightest possible bounds of
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Du(n) in terms of h(n) from Eq. 3b. If we use the looser
bounds of [0, 1] for Du(n), then we get the following in
place of Eq. NF5-2

DwðnÞ � y� yL 8n (NF6-1a)

DwðnÞ � ðyU � yLÞ � DuðnÞ 8n (NF6-1b)

DwðnÞ � ðyU � yLÞ � DuðnÞ þ y� yU 8n (NF6-1c)

Thus, our next formulation NF6 comprises Eqs. NF-0, CH-5,
3a, 3b, NF5-1, and NF6-1. In addition, we can use the fol-
lowing from Eq. 3c

0 � DwðNÞ � DwðN � 1Þ � . . . � Dwð2Þ
� Dwð1Þ � y� yL ðNF6-2Þ

Note that Eq. NF6-2 makes Eq. NF6-1a redundant, and Eq.
NF6-2 is already included inside Eq. NF5 through Eq. 3c.

In contrast to all previous formulations (CH, BM, and
NF1 – NF4), NF5 and NF6 use one fewer binary variable
for each bilinear term z, and share the advantageous property
mentioned earlier. Moreover, unlike the convex combination
formulations presented previously, these incremental cost for-
mulations do not require the disaggregation of y. It is clear
that NF5 is as tight as or tighter than NF6, but NF6 uses
fewer variables and constraints. Nevertheless, further study
(see Appendix) shows that all the projected feasible regions
of these formulations in the space of variables {x, y, z} are
equivalent.

For our next formulation, we use the following global
incremental variable from Eq. 4a, which is common for all
partitions. The use of such a variable makes NF7 contain
less continuous variables than NF5 and NF6

x ¼ xL þ
XN�1

n¼1

�
dðnÞ � hðnÞ�þ Dx (4a)

Using the aforementioned and defining Dv(n) 5 h(n) � Dy
and Dw 5 Dx�� Dy, we obtain

z ¼ yL � xþ xL � y� xL � yL þ
XN�1

n¼1

½dðnÞ � DvðnÞ� þ Dw

(NF7-1)

For linearizing Dv(n) � 5 h(n)�Dy, we use the bounds [h(2),
1] for h(1), [h(n11), h(n21)] for Dh(n) with n from 2 to
N21, [0, h(N21)] for h(N), and [0, yU2yL] for Dy in Eqs.
R1–R4 to obtain

0 � DvðN � 1Þ � DvðN � 2Þ � . . . � Dvð2Þ � Dvð1Þ � y� yL

(NF7-2a)

Dvð1Þ � ðyU � yLÞ � hð1Þ þ y� yU (NF7-2b)

DvðnÞ � ðyU � yLÞ � ½hðnÞ � hðn� 1Þ� þ Dvðn� 1Þ
2 � n � N � 2 ðNF7-2cÞ

DvðN � 1Þ � hðN � 1Þ � ½yU � yL� (NF7-2d)

Finally, to linearize Dw 5 Dx�Dy, we use the bounds
½0; dð1Þ þPN�1

n¼1 fdðnþ 1Þ � dðnÞg � hðnÞ½ �� for Dx and [0,
yU2yL] for Dy in Eq. 9. This gives us

Dw � dð1Þ � ðy� yLÞ þ
XN�1

n¼1

dðnþ 1Þ � dðnÞf g � DvðnÞ½ �

(NF7-3a)

Dw � ðyU � yLÞ � Dx (NF7-3b)

Dw � Dx � ðyU � yLÞ þ dð1Þ � ðy� yUÞ þ
XN�1

n¼1

½fdðnþ 1Þ

� dðnÞg � fDvðnÞ � ðyU � yLÞ � hðnÞg� ðNF7-3cÞ

It is obvious that NF7 has a more attractive size than NF5

and NF6.
NF1–NF7 all allowed arbitrary partitions of x. As men-

tioned earlier, the previous works34,35 found it easier to use
identical rather than arbitrary segment lengths in their
reported case studies. However, they33–35 did not present any
fine-tuned versions of their general formulations (for arbitrary
segment lengths) for the special and simplified case of identi-
cal segment length. We now develop five such formulations
and show that such tailoring does indeed lead to a more
compact formulation, which can have significant effect on
computational performance.

Formulations with Identical Segments

We use one single segment length (d) for all partitions.
Thus

dðnÞ ¼ d ¼ ðxU � xLÞ=N
aðnÞ ¼ xL þ ðn� 1Þ � d 8n\N

(11)

One major consequence of using identical segments is that
we need not use N local differential variables [Dx(n)] any
more. One single global Dx and Eq. 2 are sufficient without
compromising tightness. With this, Eq. 2 reduces to

x ¼ xL þ d �
XN
n¼1

½ðn� 1Þ � kðnÞ� þ Dx (12a)

0 � Dx � d (12b)

We right away reduce one constraint, as Eq. 12b, in contrast
to Eq. 2b, is just a bound. Applying the identical segment
length approach to the Big-M class of formulations, we can
easily construct NF8 and NF9. These two are the simplified
versions of NF1 and NF2 for cases involving identical seg-
ment length, respectively. Formulation NF8 comprises of Eqs.
BM-0, BM-1, 1a, 12b, BM-3, and BM-4, while Formulation
NF9 comprises of Eqs. BM-0, BM-1, 12b, BM-3, and BM-4.

Substituting from Eqs. 11 and 12a into Eq. 9b, and relax-
ing Dz(n) 5 Dx � Dy(n) as done previously forces us to use
Dx(n) again to avoid nonlinearity. In other words, our next
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formulation NF10 for identical segments is nothing but NF3
simplified for identical segments. It comprises Eqs. CH-0,
CH-1, CH-5, 12b, 6, NF3-2a, NF8-1, NF8-2, and NF8-3

x ¼ xL þ
XN
n¼1

½d � ðn� 1Þ � kðnÞ þ DxðnÞ� (NF8-1)

z ¼ yL � xþ xL � y� xL � yL þ d �
XN
n¼1

½ðn� 1Þ � DyðnÞ�

þ
XN
n¼1

DzðnÞ ðNF8-2Þ

DzðnÞ � d � DyðnÞ 8n (NF8-3a)

DzðnÞ � ðyU � yLÞ �DxðnÞ þ d �DyðnÞ � d � ðyU � yLÞ � kðnÞ 8n
(NF8-3b)

Then, by relaxing rather than, we obtain our second formula-
tion NF11 for identical segments. It comprises Eqs. CH-0,
CH-1, CH-5, 6, NF4-3, NF9-1, and NF9-2

z¼ yL � xþ xL � y� xL � yL þ d �
XN
n¼1

½ðn� 1Þ �DyðnÞ� þDz

(NF9-1)

Dz � d � ðy� yLÞ (NF9-2a)

Dz � ðyU � yLÞ � Dxþ d � ðy� yUÞ (NF9-2b)

Note that NF11 uses fewer constraints and variables than
NF10, and it is clear that NF11 is a simplification of NF4

for cases with identical segment length.
The next formulation NF12 for identical segments is

obtained from NF7, where we can set d(n11) 2 d(n) 5 0.
Due to using identical segment length, NF12 has less number
of nonzeros as compared with NF7. In this formulation, Eq.
4b reduces to Eq. 12b, Eq. NF7-3 reduces to Eq. NF4-3 and
NF9-2, and Eq. 4a becomes

x ¼ xL þ d �
XN�1

n¼1

hðnÞ þ Dx (NF10-1)

Therefore, NF12 comprises Eqs. 12b, NF-1, NF4-3, NF7-1,
NF7-2, NF9-2, and NF10-1. Similar with NF8 – NF9, NF12

require only a single global variable.
While the relative sizes and tightness of BM, CH, TCH,

and NF1 – NF12 are clear (see Table 1), it is not possible to
predict the best of them in overall computational efficiency.
Therefore, it is necessary for us to evaluate them numerically
on a variety of problems. However, all these novel formula-
tions (TCH and NF1 – NF12) possess stronger discrete-to-
continuous relaxations as compared to BM (see Remark and
Appendix).

Case Studies

We use two case studies from the literature to derive three
test problems (Examples 1, 2a, and 2b) for a comprehensive
numerical comparison of the effectiveness of various models
(BM, CH, TCH, and NF1–NF12). The first case study, from
which we derive Example 1, is from Karuppiah and Gross-
mann.34 It involves integrated water network synthesis. The
second, from which we derive Examples 2a and 2b, is from
page 44–46 of Floudas et al.48 It involves the sequencing of
distillation columns for nonsharp separation of a three-com-
ponent mixture (propane, isobutene, and n-butane) into two
products. Since a complete global optimization algorithm is
not the focus of this article, we restrict ourselves to the
lower-bounding problem at the root node only. Thus, our
approach in this work is to embed the various models (BM,

CH, TCH, and NF1–NF12) within the respective mathemati-
cal programming formulations used by the two case studies
in the literature, and solve for lower bounds at the root
nodes. Since the reader can refer the original references for
full details on the two test case studies, we mention only
those details that are different and/or essential for an
adequate understanding of this work.

A fair, well-planned, extensive, and comprehensive proce-
dure is essential49 for a reliable assessment of MILP models
based on a numerical study. To achieve a solid comparison,
we solve the three test problems (Examples 1, 2a, and 2b)
for several numbers of partitions and several sets of grid-
point positions. For generating the latter in a convenient
manner, we use the following

aðnÞ ¼ xL þ n� 1

N

8>: 9>;c

�ðxU � xLÞ c � 0; 8n < N

aðNÞ ¼ xU

dðnÞ ¼ n

N

8: 9;c
� n� 1

N

8>: 9>;c� �
� ðxU � xLÞ 8n

As c ? 1, the interior grid points (those except the first a(1)
5 xL, and last points a(N) 5 xU) become equally distributed,
and as c ? 0 (1), they move toward xU (xL). Thus, c 5 1
corresponds to the case of identical segment length.

For all runs, we used a Dell Precision PW690 workstation
with 3 GHz Intel Xeon single CPU, 64 GB RAM, and Win-
dows XP Professional x64 as the operating system. GAMS
22.2/CPLEX 10 was used for all the LP and MILP problems,
and GAMS 22.2/CONOPT 3 for all the NLP problems. The
relative gap tolerance was set to zero in all cases to ensure
solution optimality. We used M 5 (xU 2 xL)�(yU 2 yL) in all
big-M constraints for a bilinear product xy.

Example 1

We use Example 4 from Karuppiah and Grossmann34 as
the basis for our Example 1. For referencing the details in
the original case study, we use KG to denote Karuppiah and
Grossmann.34 Thus, we call the original case study as Exam-
ple KG-4, and use the same notation for equations, figures,
tables, and sections in Karuppiah and Grossmann.34 Example
KG-4 is the largest problem in the study of Karuppiah and
Grossmann,34 and was represented as having industrial scale
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by them. It involves five process units using water, three
water-treatment units, and three contaminants. The problem
was represented (Figure KG-18) as a superstructure similar
to that in Takama et al.2 The nodes in the superstructure are
mixers, splitters, water-using processes, and water-treatment
plants, and the arcs are the streams connecting the units. The
mathematical programming formulation proposed by Karup-
piah and Grossmann34 employs flow and composition varia-
bles for each stream (arc), and total (Eqs. KG-2, KG-4, KG-
6, and KG-8) and component mass balances (Eqs. KG-5,
KG-7, and KG-9) for all unit (node). All balances are linear
except the component mass balances (Eq. KG-3) for mixers,
which are bilinear. Tables KG-7 and KG-8 in section KG-
7.4, list all the numerical data for this example.

The problem is a BLP, where nonconvexities are due to
the mixing of water streams with different compositions. It
contains 348 variables, 312 constraints, and 234 bilinear
terms (Table KG-9a). While Example KG-4 included con-
cave univariate terms describing the size effect of plant
design in the objective function (Eq. KG-1b), we use a linear
objective function in our study, as such nonconvexities are
not the primary focus of this study. Thus, our objective in
Example 1 is to minimize the total amount of fresh water
usage and wastewater treated (Eq. KG-1a). This is the only
difference between Examples KG-4 and 1.

As for the solution algorithm, we use the nonredundant
bound-strengthening cuts (Eq. KG-15), the logical cuts (Eq.
KG-16), the akin bound-contraction preprocessing procedure
(Step 1 of Section KG-6), and the partitioning of the total
flow rate variables as done by Karuppiah and Grossmann.34

For this example, we used N 5 2, N 5 3, and N 5 4 for
each of BM, CH, TCH, and NF1–NF12, and 10 different
sets of grid-point positions (c 5 0.25, 0.50, 0.75, 1.00, 1.50,
2.00, 2.50, 3.00, 3.50, and 4.00) for each N. In other words,
we made 315 runs for Example 1.

Example 2

The case study from page 44-46 of Floudas et al.48 is also
a BLP with nonconvexities, due to the products of flow rates
and compositions. It comprises 24 variables, 18 constraints,
and 12 bilinear terms. In this case, we partition along all
flow rate variables. We use two sets of variable bounds in
this case study. In Example 2a, we use the variable bounds
(upper and lower) reported by Floudas et al.46 In Example
2b, we contract the upper bounds on all flow rate variables
to 180 kgmol/h, and use a new lower bound of 10 kgmol/h
for the flow rate of stream 18. The bounds on other variables
were kept unchanged. Note that these new bounds still con-
tain the global optimum of the original problem as reported.

For Examples 2a and 2b, we used N 5 10, N 5 12, and
N 5 15 for each of BM, CH, TCH, and NF1–NF12, and
the same 10 sets of grid-point positions (c 5 0.25, 0.50,
0.75, 1.00, 1.50, 2.00, 2.50, 3.00, 3.50, and 4.00) for each N.
In other words, we made 630 runs for Examples 2a and 2b
together. We used larger numbers of partitions for these
examples, because we wanted to examine the effects of large
numbers of segments. This particular case study made it pos-
sible for us to do this, because it is much smaller than Exam-
ple 1. Having larger numbers of segments also magnifies the
differences in the computational performances of the various

models, which makes model ranking easier and more reli-
able.

Results and Discussion

For evaluating the computational performance of various
models, we use relative rather than absolute solution times to
eliminate the effect of problem-to-problem variation. This
enables us to compare several different formulations across a
variety of test problems with different numbers of segments,
grid-point positions, variable bounds, and problem structures.
As suggested by several researchers,50,51 geometric mean
relative rank (GMRR) is a useful measure in this regard. As
suggested by Liu and Karimi,51 GMRR can also be used to
obtain relative model ranks for not just solution times, but
also other criteria, such as numbers of binary variables, con-
tinuous variables, constraints, nodes, as well as optimal
MILP and RMILP values. GMRR(m,c) for a formulation or
model m and criterion c is defined as

GMRRðm; cÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P
P

p¼1

Cðm; pÞ
C�ðpÞ

p

s

where, p refers to a test problem, P is the total number of
problems, C(m,p) is the value of criterion c for problem p,
and C*(p) is the best value of criterion c across all models
used to solve problem p. We use the minimum as the best for
criteria, such as solution times, and numbers of binary varia-
bles, continuous variables, and constraints, while maximum
as the best C*(p) for MILP and RMILP values. We set 8,000
CPU s as the maximum computation time for each run. If a
model fails to attain the global optimal solution within 8,000
CPU s, then we take its solution time as 8,000 CPU s.

Table 1 clearly shows that formulations differ significantly
in computational performance. Since the lower-bounding
problem is typically the most time-consuming step in each
iteration and is solved repeatedly, even a slight improvement
in the computational efficiency of a lower-bounding proce-
dure can significantly affect the overall efficiency of a global
minimization algorithm (e.g., outer-approximation, spatial
branch-and-bound). Based on Table 1, NF4, NF6 and NF7

seem to be the most competitive among the models with ar-
bitrary segment lengths. These three formulations have CPU
time GMRRs of 1.33, 1.73, and 1.23, respectively, which are
significantly better than those of the existing formulations
from the literature (GMRR(BM, CPU time) 5 15.88,
GMRR(CH, CPU time) 5 2.35). However, NF11 and NF12

offer even better general performance although restricted to
cases involving only identical segment length (GMRR(NF11,
CPU time) 5 1.21, GMRR(NF12, CPU time) 5 1.21). On
the other hand, the big-M based formulations (i.e., BM, NF1
– NF2, NF8 - NF9) are not at all competitive in terms of so-
lution efficiency, having CPU time GMRRs of 8.09 to 15.88.
In addition, most of the BM models fail to reach the optimal
solution of the 1st level relaxation within the maximum limit
of computation time (8000 CPU s). TCH (GMRR(TCH, CPU
time) 5 4.34), which theoretically represents the convex hull
of the 2nd level relaxation, generally performs better than
BM formulations, although it is less competitive compared to
other formulations.
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All incremental cost models obviously use the fewest bi-
nary variables (GMRR(m, binary variable) 5 1 vs. GMRR(m,
binary variable) 5 1.25 for others). The models employing
identical segment length generally use fewer nonzeros and
constraints compared to their more general counterparts. For
instance, GMRR(NF11, nonzeros) 5 1, and GMRR(NF11,
constraint) 5 1 as compared to GMRR(NF4, nonzeros) 5
1.41, and GMRR(NF4, constraint) 5 1.05. In fact, NF11 has
the fewest nonzeros and constraints of all models. BM and
NF2 have the fewest number of continuous variables
(GMRR(BM, continuous variable) 5 GMRR(NF2, continuous
variable) 5 1). This is expected, since BM and NF2 do not
require additional variables.

All convex combination and incremental cost formulations
provide the same lower bound for the 2nd level relaxation;
they all have a GMRR(m, RMILP) 5 1. In other words, their
RMILP values are identical to the value for LP relaxation.
Further study (see Appendix) shows that the 2nd level relax-
ation of the convex combination and incremental cost formu-
lations recovers the convex envelope of the bilinear terms in
the continuous space of original variables {x, y, z}. This
issue is discussed in the following section (see Remark and
Appendix). Since all these convex combination and incre-
mental cost models exhibit similar tightness in the 2nd level
relaxation, their size plays an important role in the ease of
solving them. TCH, NF3, and NF5, do not perform better
due to their considerably larger sizes, while having similar
2nd level relaxation quality as those of smaller models, that
is, NF4, NF6, and NF7 (see Table 1). This fact also serves
as the incentive toward the use of identical segment length,
since identical segment length formulations offer smaller
size. Conversely, with their worse values of GMRR(m,
RMILP), the big-M based formulations are significantly
looser compared to all other formulations, which causes their
poor performance. This is because the partitioned feasible
regions in the piecewise relaxation are disjoint.

Nevertheless, solving these models using state-of-the-art
solvers, such as CPLEX, no guarantee that a single model
outperforms all others in all cases. For instance, in Example
1 with N 5 4, and c 5 4, NF4 takes 151.8 CPU s, while
NF7 takes 502.1 CPU s, although GMRR analysis ranks
NF7 better than NF4 in the CPU time. Several other factors,
other than model size and relaxation quality, such as the
algorithm implemented inside CPLEX are equally important.
This makes it even harder to predict accurately the perform-
ance of a certain formulation. However, as suggested by Liu
and Karimi51 for batch process scheduling problems, the idea
of using competitive models or formulations in parallel in
multi-CPU machines, may be worth exploring. In this paral-
lel lower bounding scheme, several competitive formulations
run together in each iteration to compute the lower bound for
the global minimization problem, and once one of the formu-
lations finds the optimal 1st level relaxation solution, all
other formulations are stopped and the global optimization
algorithm proceeds to the next step. In that sense, it is crucial
to develop several competitive models as we have done in
this work. The results obtained from our case studies indicate
that convex combination formulations and incremental cost
formulations may complement each other. Specifically for
this work, NF4, NF6, and NF7 in tandem seem the most
competitive choice for arbitrary segment lengths. Moreover,

NF11 and NF12 seem the most competitive for identical seg-
ment length.

Remarks

Although our main aim in this study is to develop and
evaluate different formulations or models for piecewise
MILP relaxation, it is useful to analyze our results further to
gain some valuable insights into the properties of such relax-
ations. These insights may prove useful in improving existing
algorithms or developing novel algorithms, which we hope to
report in near future.

The main goal of piecewise relaxation is to improve the
quality of overall piecewise MILP relaxation compared to
the conventional LP relaxation, which uses one segment.
Therefore, it would be good to measure the improvement in
relaxation quality by means of some metrics. Recall that the
piecewise relaxation involves two levels. The 1st level
involves the relaxation of a NLP into a MILP, and the 2nd
level involves the relaxation of the MILP into a RMILP. To
measure the extents of improvements in the qualities of these
two relaxations solely due to piecewise partitioning, we
define two gains, namely piecewise gain (PG), and relaxed
piecewise gain (RPG) for a model m in a global minimiza-
tion problem as follows.

PGðm; p;N; gÞ

¼
MILPðm; p;N; gÞ � LPðpÞ

jLPðpÞj if LPðpÞ 6¼ 0

ðm; p;N; gÞ; otherwise

8><
>:

RPGðm; p;N; gÞ

¼
RMILPðm; p;N; gÞ � LPðpÞ

jLPðpÞj if LPðpÞ 6¼ 0

RMILPðm; p;N; gÞ; otherwise

8><
>:

where, p is a NLP problem solved by model m that uses N
segments, and set g of grid-point positions, LP(p) is the opti-
mal objective value of the LP (1-segment) relaxation of p,
MILP(m,p,N,g) is the optimal objective value of the 1st level
relaxation (piecewise MILP model m), and RMILP(m,p,N,g)
is the optimal objective value of the 2nd level relaxation (the
RMILP of m). For a global maximization problem, the
numerators in the definitions of PG and RPG are multiplied
by 21.

PG 5 0 and RPG 5 0 mean no gains from the piecewise
relaxation, with higher values being more desirable. Positive
value of PG (RPG) indicates that the 1st (2nd) level relaxa-
tion is stronger than the LP relaxation, while negative value
of PG (RPG) points the other way. Tables 2 and 3 show the
values of PG and RPG, from which we draw the following
observations.

Remark 1. RPG(m,p,N,g) � 0 irrespective of m, N, and g
for every p, as RMILP(m,p,N,g) � LP(p) [RMILP(m,p,N,g) �
LP(p)] in a global minimization (maximization) problem as
proven in Theorem 1 (see Appendix).

Note that the results from Example 1 show that this condi-
tion (RPG � 0) also applies to cases where strengthening
cuts are used. Of course, this comparison is made, when the
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same group of cuts is used in both the LP relaxation, as well
as the piecewise MILP relaxation.

Remark 2. RPG(m,p,N,g) 5 0 for all convex combination
and incremental cost type models (i.e., TCH, CH, NF3 –
NF7, NF11 – NF12) for all test runs in this work.

Interestingly, the bounds provided by all convex combina-
tion and incremental cost formulations in the 2nd level relax-
ation are the same, and they are equivalent with the bounds
provided by the convex continuous envelope. Even in all the
case studies performed in this work, the optimal values of all
variables obtained by the 2nd level relaxation of the convex
combination and incremental cost formulations are the same
with the ones obtained by the LP relaxation. Further study
shows that the projections of all convex combination and
incremental cost formulations into the space of original vari-
ables {x, y, z} yield the same feasible region as the one rep-
resented by the continuous convex envelope (see Appendix).
This fact explains the result stated in Remark 2.

Remark 3. RPG(m,p,N,g) � 0 for several test runs using
the big-M based models (i.e., BM, NF1, NF2, NF8, and
NF9).

This is not surprising, as the big-M based models are
known to give looser 2nd level relaxations than convex-hull
reformulations in many problems, and indeed do so promi-
nently in this work. Interestingly, big-M formulations can
give RPG 5 0, even when the variable bounds are very loose
as seen in Example 2a. Moreover, RPG for BM is identical
to those of NF1 and NF2 in Example 1 for N 5 2 irrespec-
tive of grid-point positioning. This is possible because these
three formulations become more similar for N 5 2 compared
to higher values of N.

Remark 4. RPG(m,p,N,g) varies with N, g, big-M values,
and variable bounds for the big-M based models (i.e., BM,
NF1, NF2, NF8, and NF9).

This is in contrast to the convex combination and incre-
mental cost models (i.e., TCH, CH, NF3 – NF7, NF11 –
NF12) that have RPG 5 0 irrespective of m, N, g, and vari-
able bounds for the problems tested in this work. While
looser 2nd level relaxations may be expected from big-M
models, it is interesting to note that their relaxations could
be worsened by poor choices of N, g, big-M, and variable
bounds.

Remark 5. RPG(m*, p, N, g) � RPG(BM, p, N, g) for
m* 5 NF1, NF2, NF8, NF9.
Although all these models (i.e., BM, NF1, NF2, NF8, and

NF9) use big-M constraints, the difference between BM and
the others is that the latter do not use big-M constraints for
modeling the partitioning of x. As discussed previously, a

MILP piecewise relaxation model for S involves two disjunc-
tive modeling, one for partitioning x, and the other for the
bilinear under- and overestimators. While all three models
(BM, NF1, and NF2) use the same constraints for the bilinear
under- and overestimators, BM uses big-M type constraints
for modeling x partitions with a(n) 2 xL and xU 2 a(n 1 1) as
big-M values. By modeling x partitions without using the big-
M constraints, NF1, NF2, NF8, and NF9 achieve better relax-
ation quality in the 2nd level relaxation, and, thus, better RPG
values. As has been discussed previously, these four fomula-
tions exhibit similar tightness in the 2nd level relaxation.

Remark 6. PG(m,p,N,g) � 0 irrespective of m, N, and g
for every p, as MILP(m,p,N,g) � LP(p) [MILP(m,p,N,g) �

Table 2. Piecewise Gains (PG) for Various N (Number of Segments) and c (Grid Positioning)

Example N c 5 0.25 c 5 0.50 c 5 0.75 c 5 1.00 c 5 1.50 c 5 2.00 c 5 2.50 c 5 3.00 c 5 3.50 c 5 4.00

1 2 0 0 0 0 0 0.021 0.045 0.063 0.075 0.084
3 0 0 0 0 0.05 0.074 0.088 0.097 0.102 0.104
4 0 0 0 0.028 0.074 0.093 0.103 0.107 0.108 0.108

2a 10 0 0 0 0 0.219 0.348 0.373 0.307 0.347 0.291
12 0 0 0 0 0.304 0.403 0.406 0.408 0.355 0.314
15 0 0 0 0 0.454 0.492 0.508 0.472 0.485 0.438

2b 10 0 0 0 0 0.188 0.189 0.214 0.18 0.185 0.136
12 0 0 0 0.089 0.246 0.229 0.225 0.207 0.184 0.246
15 0 0 0 0.136 0.262 0.277 0.25 0.246 0.243 0.214

Table 3. Relaxed Piecewise Gains (RPG) for Various N
(number of segments) and c (Grid Positioning)

Example 1 2b

c N BM
NF1–NF2,
NF8–NF9 N BM

NF1–NF2,
NF8–NF9

0.25 2 20.055 20.055 10 20.210 20.177
0.50 20.060 20.060 20.212 20.191
0.75 20.064 20.064 20.214 20.202
1.00 20.068 20.068 20.216 20.209
1.50 20.075 20.075 20.218 20.216
2.00 20.082 20.082 20.219 20.218
2.50 20.087 20.087 20.219 20.219
3.00 20.091 20.091 20.220 20.220
3.50 20.094 20.094 20.220 20.220
4.00 20.097 20.097 20.220 20.220
0.25 3 20.072 20.058 12 20.212 20.178
0.50 20.076 20.065 20.214 20.193
0.75 20.080 20.071 20.215 20.204
1.00 20.083 20.076 20.216 20.211
1.50 20.089 20.085 20.218 20.217
2.00 20.094 20.092 20.219 20.219
2.50 20.097 20.096 20.220 20.219
3.00 20.099 20.098 20.220 20.220
3.50 20.100 20.100 20.220 20.220
4.00 20.101 20.101 20.220 20.220
0.25 4 20.080 20.060 15 20.213 20.180
0.50 20.084 20.068 20.215 20.195
0.75 20.087 20.075 20.216 20.206
1.00 20.090 20.082 20.217 20.212
1.50 20.094 20.091 20.219 20.218
2.00 20.097 20.096 20.219 20.219
2.50 20.099 20.099 20.220 20.220
3.00 20.101 20.100 20.220 20.220
3.50 20.101 20.101 20.220 20.220
4.00 20.102 20.101 20.220 20.220

Note: Convex Combination and Incremental Cost Formulations give RPG 5 0
for all cases tested. All formulations give RPG 5 0 for Example 2a.
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LP(m,p)] in a global minimization (maximization) problem
as proven in Theorem 2 (see Appendix).

Remark 7. For given p, N, g, and variable bounds,
PG(m,p,N,g) is the same for all m, but computational effi-
ciency varies.

This is because all models have the same optimal MILP
objective for any given p irrespective of N and g, and, thus,
equivalent tightness in the 1st level relaxation. It is important
to note that the optimal here refers to a MILP solution with
zero relative gap. However, generally big-M based models
(i.e., BM, NF1, NF2, NF8, and NF9) require significantly
more computational time than the remaining models as dis-
cussed before.

Remark 8. For a given p, PG(m,p,N,g) depends on N, g,
and variable bounds.

Normally PG(m,p,N,g) increases with larger N for given
m, p, g, and variable bounds as the tightness of the 1st level
relaxation improves. However, when the variable bounds are
loose, as for instance in Example 2a where identical segment
length was used (c 5 1), increasing N from 10 to 15 has no
effect on PG (PG remains at the value of 0). Therefore, tight
variable bounds are crucial. For instance, consider Example
2b, where identical segment length was used with tighter
bounds, increasing N from 10 (PG 5 0) to 15 (PG 5 0.136)
has relatively significant effect on PG. Nevertheless, PG may
not improve through tighter bounds, even though the 1st
level relaxation becomes tighter. This is because the variable
bounds change the LP(p) value as well. For instance, where
N 5 10 and c 5 1.50, PG 5 0.219 in Example 2a (looser
variable bounds), while PG 5 0.188 in Example 2b (tighter
variable bounds).

It is expected, and clear from our results, that grid-point
positioning affects PG. However, more significantly, the use
of identical segment length (via special formulations such as
NF11 – NF12) is not necessarily the best for attaining a
higher PG, even though it seems more efficient for each
lower bounding computation. This is evident from the results
on Examples 1 and 2 in Table 2. For instance, examine
Example 2a for N 5 15 and grid points positioned via c 5
2.50 gives a considerably higher PG (0.508) as compared to
that for identical segment length positioning (PG 5 0). Thus,
note that using identical segments need not be the best over-
all for a global optimization algorithm, because of the trade-
off between PG and the computational efficiency for each
lower bounding problem.

Conclusion

In this article, we presented 13 novel formulations (i.e.,
TCH and NF1–NF12) for piecewise MILP under- and over-
estimators for global optimization of bilinear programs.
These were derived using three systematic approaches: big-
M, convex combination, and incremental cost, and two seg-
mentation schemes: arbitrary and identical segment lengths.
These systematic approaches and segmentation schemes can
also derive the existing formulations. We compared their per-
formance with the existing formulations in the literature (i.e.,
BM and CH) using two case studies arising in process net-
work synthesis: integrated water systems synthesis and non-
sharp distillation column sequencing. Based on 945 runs with
various numbers of segments, grid-points positioning, and

variable bounds, we demonstrated that our novel formula-
tions give superior relaxation tightness as compared to exist-
ing BM formulations, especially those constructed via con-
vex combination and incremental cost approaches. Some of
them are much more compact than those existing in the liter-
ature, with no loss of relaxation quality. Note that the incre-
mental cost formulations require one less binary variable for
modeling segments in each x-domain as compared to other
formulations. Further reduction in formulation size is
achieved through the use of identical segment length. In gen-
eral, our novel formulations are more efficient than all exist-
ing formulations. NF4, NF6, and NF7 in tandem seem the
most competitive choice for arbitrary segment lengths, while
NF11 and NF12 seem the best for identical segment length.
Parallel use of convex combination and incremental cost for-
mulations with compact size seem favorable for practical
purpose. On the other hand, big-M formulations, with their
considerably inferior relaxation quality, seem not competitive
for piecewise relaxation in this study.

Piecewise relaxation involves two levels. The 1st level
transforms the original nonconvex NLP into a MILP. The
2nd level transforms the MILP into a LP. In this work, we
introduced PG (piecewise gain) and RPG (relaxed piecewise
gain) as metrics to measure the effectiveness of piecewise
relaxation by comparing the tightness of the LP relaxation
with those of the 1st and 2nd level relaxations, respectively.
Number of segments, grid-points positioning, and variable
bounds are among the factors that affect PG and RPG. The
use of identical segment length is not necessarily the best for
attaining a higher PG while PG does not depend on formula-
tion. All formulations are shown and proved to have PG � 0
and RPG � 0 with RPG 5 0 is a necessary condition for
those representing convex hull type relaxation of the 2nd
level relaxation. All convex combination and incremental
cost formulations have RPG 5 0.
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Appendix: Theoretical Results

Let m denotes a piecewise MILP under- and overestima-
tors model for bilinear term xy over rectangle xL � x � xU,
yL � y � yU. m is based on partitioning the bilinear envelope
of the original domain with arbitrary number of segments on
x (e.g., BM, CH, TCH, and NF1-NF12 presented in this ar-
ticle). Let p denotes a BLP problem. Let LR(p) denotes the
feasible region representing the 1-segment LP relaxation
(convex envelope for bilinear term represented by Eqs. R1–
R4) of p in the space of variables {x, y, z}. Furthermore, let
RMR(m,p) and MR(m,p), respectively, denote the projected
feasible regions of the 2nd and 1st level relaxations of m for
p in the same space of variables {x, y, z}.

Theorem 1. LP(p) ( RMR(m,p)
Proof: Let u(x,y)�z and o(x,y)� z denote the continuous

linear under- and overestimators for the bilinear term xy over
rectangle xL � x � xU, yL � y � yU representing the facets
of RMR(m,p), respectively. Comparing them to the bilinear
envelope (Eqs. R1–R4), it is clear25 that

uðx; yÞ � maxðxL � yþ x � yL � xL � yL; xU � yþ x � yU � xU � yUÞ
and

oðx; yÞ � minðxU � yþ x � yL � xU � yL; xL � yþ x � yU � xL � yUÞ:
over xL � x � xU, yL � y � yU. Thus, LP(p) is either con-
tained within RMR(m,p) or equivalent to RMR(m,p).
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Proposition 1. RMR(CC,p) 5 LP(p) (Projection of a con-
vex combination model (CC) in the space of variables {x, y, z}
produces the facet constraints described by Eqs. R1–R4.)

Proof: This can be done via Fourier-Motzkin elimination.
Consider model CH. All u(n), v(1), and k(1) from CH-4a

and CH-4c, as well as all u(n), v(N) and k(N) from Eqs. CH-
4b and CH-4d, can be eliminated by utilizing Eqs. CH-1,
CH-2a, and CH-3a

z � x � yL þ xL � y� xL � yL þ
XN
n¼2

aðnÞ � að1Þð Þ � DvðnÞ½ �

�
XN
n¼2

ðaðnÞ � að1ÞÞ � yL � kðnÞ� � ðA-1Þ

z � xU � yþ x � yU � xU � yU

þ
XN�1

n¼1

ðaðnþ 1Þ � aðN þ 1Þ � DvðnÞ½ �

�
XN�1

n¼1

ðaðnþ 1Þ � aðN þ 1Þ � yU � kðnÞ� � ðA-2Þ

z � x � yL þ xU � y� xU � yL

þ
XN�1

n¼1

aðnþ 1Þ � aðN þ 1Þ½ � � DvðnÞ

�
XN�1

n¼1

ðaðnþ 1Þ � aðN þ 1ÞÞ � yL � kðnÞ� � ðA-3Þ

z � x � yU þ xL � y� xL � yU

þ
XN
n¼2

ðaðnÞ � að1ÞÞ � DvðnÞ½ �

�
XN
n¼2

ðaðnÞ � að1Þ � yU � kðnÞ� � ðA-4Þ

Multiply both sides of yL � k(n) � v(n) from Eq. CH-2b with
a(n)2 a(1) and a(n 1 1) 2 a(N 1 1)

½aðnÞ � að1Þ� � DyðnÞ � ½aðnÞ � að1Þ� � yL � kðnÞ � 0 8n > 2

(A-5)

½aðnþ 1Þ � aðN þ 1Þ� � DvðnÞ � ½aðnþ 1Þ � aðN þ 1Þ�
� yL � kðnÞ � 0 8n\N þ 1 ðA-6Þ

Multiply both sides of from Eq. CH-2b v(n) � yU � k(n) with
a(n 1 1) 2 a(N 1 1) and a(n) 2 a(1)

½aðnþ 1Þ � aðN þ 1Þ� � DyðnÞ � ½aðnþ 1Þ � aðN þ 1Þ�
� yU � kðnÞ � 0 8n\N þ 1 ðA-7Þ

½aðnÞ � að1Þ� � DyðnÞ � ½aðnÞ � að1Þ� � yU � kðnÞ � 0 8n > 2

(A-8)

The last two terms of Eqs. A-1–A-4 can be eliminated by
using Eqs. A-5, A-7, A-6, and A-8, respectively. The final

result is equivalent with Eqs. R1–R4. Since the latter
represents the bilinear envelope, it is clear that the remain-
ing facets generated via Fourier-Motzkin Elimination are
redundant.

Consider model (TCH). Consider the following one facet
of the piecewise MILP under- and overestimators of model
TCH. Dz(N) from Eq. TCH-2a can be eliminated by utilizing
DzðNÞ ¼ z�PN�1

n¼1 DzðnÞ from Eq. TCH-1

DzðnÞ � DxðNÞ � yL þ aðNÞ � DyðNÞ � aðNÞ � yL � kðNÞ
8n\N ðA-9aÞ

z�
XN�1

n¼1

DzðnÞ � DxðNÞ � yL þ aðNÞ � DyðNÞ � aðNÞ � yL � kðNÞ

(A-9b)

It is clear that Dz(N 2 1) from Eq. A-9a can be eliminated
by utilizing Eq. A-9b resulting in

DzðnÞ � DxðNÞ � yL þ aðNÞ � DyðNÞ � aðNÞ � yL � kðNÞ
8n\N � 1 ðA-10aÞ

z�
XN�2

n¼1

DzðnÞ �
XN

n¼N�1

DxðnÞ � yL þ aðnÞ � DyðnÞ

� aðnÞ � yL � kðnÞ ðA-10bÞ

Repeating the same steps until the entire remaining Dz(n) are
eliminated produces Eq. CH-4a. Using the same steps for the
other three facets of TCH produces Eqs. CH-4b–CH-4d.
From this point, the next steps follow directly from those of
CH described previously.

Consider NF3. NF3 is related to TCH via

uðnÞ ¼ aðnÞ � kðnÞ þ DxðnÞ 8n

vðnÞ ¼ yL � kðnÞ þ DyðnÞ 8n

wðnÞ ¼ yL �DxðnÞ þ aðnÞ �DyðnÞ þ yL � aðnÞ � kðnÞ þDzðnÞ 8n

Thus, it is clear that the same result applies for NF3. It can
be easily shown as well that the same result also applies for
the other convex combination models.

Corrolary. LP(p) ( RMR(BM,p)
Proof: It is clear42 that for a disjunctive program that the

discrete-to-continuous relaxation quality of a model obtained
from convex hull reformulation is tighter than or as tight as
those of big-M. We already showed that RMR(CC,p) 5
LP(p) in Proposition 1. Since one model of CC can be
obtained from convex hull reformulation, it is clear that
LP(p) ( RMR(BM,p).

Proposition 2. RMR(IC,p) 5 LP(p) (Projection of an
incremental cost model (IC) in the space of variables {x, y,
z} produces the facet constraints described by Eqs. R-1–R-4.)

Proof: This can be done using Fourier - Motzkin Elimina-
tion via similar arguments used in the proof of Proposition 1.
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Remark: Theorem 1 and Propositions 1–3 implies that
RPG(m,p,N,g) � 0, RPG(BM,p,N,g) � 0 and RPG(CC,p,N,g)
5 RPG(IC,p,N,g) 5 0.

Theorem 2. MR(m,p) ( LP(p).
Proof: As depicted by DP, MR(m,p) is defined as the

bilinear envelope over partition n* which k(n*) 5 1 for Big-
M and convex combination models, or equivalently h(1) 5
. . . 5 h(n*) 5 1,h(n* 1 1) 5 . . . 5 h(N 2 1) 5 0 for incre-
mental cost models. Hence, MR(m,p) is defined as the
following

z � x � yL þ aðn�Þ � y� aðn�Þ � yL

z � x � yU þ aðn� þ 1Þ � y� aðn� þ 1Þ � yU

z � x � yL þ aðn� þ 1Þ � y� aðn� þ 1Þ � yL

z � x � yU þ aðn�Þ � y� aðn�Þ � yU

aðn�Þ � x � aðn� þ 1Þ; yL � y � yU

Since xL � a(n) � xU for any n, and, thus, xL � a(n*) � xU

and xL � a(n* 1 1) � xU, it is clear that

x � yL þ aðn�Þ � y� aðn�Þ � yL � x � yL þ xL � y� xL � yL

x � yU þ aðn� þ 1Þ � y� aðn� þ 1Þ � yU � x � yU
þ xU � y� xU � yU

and

x � yL þ aðn� þ 1Þ � y� aðn� þ 1Þ � yL � x � yL
þ xU � y� xU � yL

x � yU þ aðn�Þ � y� aðn�Þ � yU � x � yU þ xL � y� xL � yU

over a(n*) � x � a(n* 1 1), yL � y � yU. This completes
the proof.

Remark. Theorem 2 implies that PG(m,p,N,g) � 0, which
supports the use of piecewise MILP under- and overestima-
tors.
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